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Transient Diffusion in Solids with 
a Bipore Distribution 

Y. H. M A  
Transient diffusion of n-butane, iso-butane, and 1-butene in synthetic 

CaX(Na) spherical pellets is studied in a constant volume, well-stirred and 

T. Y. LEE system. The intracrystalline diffusion coefficients are in the order of 
10-14 cm2/s, and the activation energy is about 7.0 Kcal/g-mole. Experi- 
mental data agree well with a mathematical model developed to describe Department of  Chemical Engineering 
transient diffusion. Worcester Polytechnic Institute 

Worcester, Massachusetts 01 609 

SCOPE 
The diffusion in porous pellets formed from zeolite 

crystals usually involves two main mechanisms: diffusion 
through the micropore structure within the crystals (intra- 
crystalline diffusion) and diffusion through macropore 
structure between crystals (intercrystalline diffusion). The 
determination of each individual diffusion coefficient can 
be of importance in data interpretation and improving 
engineering design in operations such as purification, sep- 
aration, and catalytic conversions. 

Previous work on the study of diffusion in zeolites 
concentrated mostly in micropore diffusion with powder 
forms. Recent studies on the diffusion in solids with a 
bipore distribution include the fheoretical and experi- 
mental investigation of diffusion in ion exchanged resins 

by Ruckenstein et al. (1971), the experimental study of 
diffusion of carbon dioxide in commercial 5A pellets by 
Sargent and Whitford (1971), and mathematical and ex- 
perimental investigation of diffusion in Linde 13X by 
Ma and Ho (1974). All the above-mentioned studies were 
performed under constant pressure conditions. The pres- 
ent work employed a constant volume technique to ex- 
amine quantitatively the diffusion of C4-hydrocarbons in 
micropores. Diffusion coefficients were evaluated based on 
a mathematical model taking into account intercrystalline 
and intracrystalline diffusion and adsorption under con- 
stant volume conditions. Rates of sorption of n-butane, 
iso-butane, and 1-butene in synthetic CaX(Na) were mea- 
sured at  three temperatures, and the activation energies 
for diffusion were determined from an Arrhenius plot. 

CONCLUSIONS AND SIGNIFICANCE 
Micropore diffusion coefficients were determined by as- 

suming that the transport processes in macropores and 
micropores obey Fick‘s equation. The activation energy 
for diffusion was found to be about 6 to 8 Kcal/g-mole 
for the C4-hydrocarbons used in the study. The relatively 
low activation energy may, in part, be due to the large 
openings of the zeolite X. 
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A mathematical model was developed to describe the 
diffusion in a solid with a bipore distribution. The present 
model differs from previous studies in that it deals with 
a well-stirred system where the total quantity of the dif- 
fusing species is finite. Agreement between experimental 
data and theoretical results was good. It should be noted 
that the present model can be reduced to those developed 
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by previous investigators. Moreover, the model can be 
amlied to measure the diffusion coefficients in a multi- 

on zeolite pellets under constant volume conditions was 
demonstrated bv the fact that the calculated intracrvstal- L A  

component sorbate system if the diffusion coefficients are 
assumed to be constant. 

The significance of such a model to treat he 

line diffusion clefficient based on a simple ~ i ~ y ~  eq;ation 
would be two orders of magnitude smaller than that ob- 

0 " 
experimental data obtained from diffusion measurements tained from the present calculation. 

C A R R I E R  D R I V E  MOTOR 

\ . 
G A S  INJECTION, 1 I JsA:kFL:oLooP 

COOLANT 

I H E A T E R  W E L L S  

C O O L A N T  I N  

Fig. 1. Constant volume reactor. 

T o  G o u g e  To G a s  Sample  A n a l y s i s  

To V a c u u m  1 6  
P u m p  

C, Hydrocorbons  H e  

Fig. 2. Schematic diagram of the sorption apparatus: A. vacuum line, 
B. mercury trap, a. sorbate inlet, b. sample outlet, D. MacLeod vac- 
uum gauge, E. gas cylinder, F. moisture trap, G. 300 cm3 gas burette, 

H. 100 cm3 gas burette, 1. sorption reactor, Q. carrier gas valve. 

Measurements of diffusion coefficients and an under- 
standing of transport mechanisms within a porous material 
are important in designing separation processes and cata- 
lytic conversion units. Volumetric and gravimetric meth- 
ods are commonly employed for such studies. The latter 
is generally employed for the study of diffusion of a pure 
component into porous sorbents, and the mathematics in- 
volved are relatively simple. The former normally involves 
measurements of pressure change and can be applied to 
study the diffusion of a multicomponent system if gaseous 
compositions are measured as a function of time. However, 
the mathematics required for such a system are more com- 
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plicated, especially if the sorbent possesses a bipore dis- 
tribution (that is, commercial molecular sieve pellets). A 
single effective diffusion coefficient is sometimes used to 
interpret experimental results due to the lack of adequate 
mathematical solutions, but such an interpretation may 
lead to erroneous results (Furusawa and Smith, 1973; Ma 
and Ho, 1974). 

Both theoretical and experimental work in the area of 
diffusion within solids with a bidisperse structure has 
recently been reported by Ruckenstein et al. (1971) and 
Sargent and Whitford (1971), as briefly summarized by 
Ma and Ho (1974). Ma and Ho (1974) developed a 
model which takes into account the diffusion in both 
macropores and micropores. They applied their model to 
determine intercrystalline and intracrystalline diffusion CO- 
efficients of allene and methylacetylene in synthetic fauja- 
site pellets in the temperature range between 21" and 
60°C. Good agreement between experimental and theoreti- 
cal results were reported by them. 

The present study is concerned with the diffusion of n- 
butane, isobutane, and 1-butene in Davison CaX (Na) sieve 
in the temperature range between 5" and 60°C. Diffusion 
measurements were made on CaX(Na) beads formed from 
zeolite powder with 20% kaolite as the binder. The pri- 
mary objective is to investigate the diffusion mechanisms 
of branched and straight chain saturated and unsaturated 
hydrocarbons. A mathematical model, which is applicable 
to transient diffusion from a well-stirred reservoir to solids 
having macropores as well as micropores, has been devel- 
oped and applied to the determination of the intracrystal- 
line diffusion coefficients. The interaction between the dif- 
fusing molecules and the ionic structure of the zeolite was 
also discussed. 

APPARATUS AND PROCEDURE 

A well-stirred constant volume sorption chamber consisting 
of a cylindrical stainless steel vessel of 3 1 capacity was em- 
ployed to study the sorption kinetics and sorption equilibrium. 
The agitator shaft was driven by a 1/12 hp motor at a constant 
speed of 3 300 rev/min. The spherical sorbent pellets (about 
1 g of sorbent was normally used) were placed in two equally 
spaced adjustable baskets which were attached to the rotating 
shaft. The vessel is a modification of that used by Ma and Roux 
(1973) and is shown in Figure 1. Activation of thp sorbent was 
done by three heating rods which were placed inside stainless 
steel casings (1.5 cm in diameter) to avoid the possible sorp- 
tion of sorbate gas by the heating elements. The stainless steel 
casings were also used as baffles to facilitate mixing. The vessel 
is equipped with a cooling jacket for low temperature runs. The 
temperature of the system was controlled by a West controller 
to within &0.5"C. A schematic diagram of the sorption sys- 
tem is shown in Figure 2. 

Regeneration was done under a vacuum of about 5 pmHg at 
a temperature of 250°C for 10 hr. The same sample was used 
no more than five times, and no polymerization of 1-butane was 
observed after repeated outgas under vacuum at this tempera- 
ture. After the adsorbent had been regenerated, the chamber 
was filled with helium and kept at atmospheric pressure by ad- 
justing the mercury leveling bulb. The system temperature was 
controlled at a desired value. A measured amount of sorbate 
gas was then injected into the reactor through an injection port. 
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The gas phase concentration was measured by withdfawing the 
sample through the sampling loop and analyzed by a gas 
chromatograph. Ten to fifteen samples were taken, and the sys- 
tem was left running for about 4 hr. to obtain the equilibrium 
value which agrees with independent equilibrium measurements 
(Lee, 1976). The equilibrium loading ranges from 1.2 to 2.2 
mmole/g-sorbent depending on temperature and sorbate gas 
used. 

Helium and C4 gases were research grade. Zeolite X was 
provided by Davison. Ion exchange of the NaX was done by 
contacting the zeolite with calcium acetate solution at room 
temperature. X-ray fluorescence analysis was employed to de- 
termine the amount of exchanged cation to be about 85% com- 
pletion. X-ray diffraction analysis showed no change in crystal 
structure after the ion exchange. Twenty weight percent 
Georgia kaolin clay was added as a binder for the formation of 
spherical particles. It has been shown that the effect of the in- 
ert binder upon diffusion is negligible (Tamboli, 1970). The 
average radius of the particles is 0.230 em, and the average 
crystal size as measured by an electron microscope is 1.08 X 
10-4 cm. 

RESULTS AND DISCUSSION 

Mathematical Model 
In the derivation of the mathematical model for zeolite 

particles, the assumptions made by Ma and Ho (1974) 
are also employed here. They are: 

1. A spherical macroporous sorbent particle is an assem- 

The present system differs from previous studies in that 
it involves a time varying boundary condition [Equation 
( 3 ) ]  due to the fact that the total quantity of diffusing 
species is finite. Thus, it is rather difficult to solve this set 
of equations. However, it is possible to solve this problem 
by employing techniques developed for numerical inversion 
of Laplace transforms. It should be emphasized that equi- 
librium is assumed to exist between the gas phase in the 
macropores and the surface of the zeolite crystals as shown 
by Equation (4d) .  

If one defines the following Laplace transform functions 

0 0 

solution of Equations ( l ) ,  (2), and (3) with boundary 
conditions (4) by the Laplace transform technique in 
terms of the normalized variables and parameters gives 
(Lee, 1976) 

bly of small microporous crystals which may be treated as 
homogeneous solids. 

2. The crystals are spheres with a uniform size. 
3. Diffusion in both the micropores and the macropores 

can be described by Fick's equation, and the diffusion 
coefficients are constant. 

4. The adsorption isotherm is linear, ,and adsorption 
equilibrium is attained at the boundary surface of the 
crystals. 

Now, consider N spherical particles immersed in a reser- 
voir of well stirred fluid of volume V. Mass balances in 
both macropores and micropores give 

Dak - -( a yaz$) 

ya2 ay 

Material balance in the fluid gives 

(3) 

Equations ( 1)  , ( 2 ) ,  and (3) should be solved with the fol- 
lowing initial and boundary conditions: 

Ca(O, ra) = Cao (4a) 

Ca(t, Ra) = c ( t )  (4b) 

Inversion of Equation (6) would normally require locat- 
ing its singularities and application of inversion theorem. 
However, owing to the complexity involved in the inver- 
sion of Equation (6), a numerical scheme developed by 
Bellman (1964) was used to obtain the inversion of Equa- 
tion (6) .  ga(va, t)  can thus be evaluated. Once ya(qa, t )  
is obtained, it is possible to obtain 

(7) 

which is the change of sorbate concentration in the bulk 
phase and can be measured experimentally. 

It should be noted that as V, approaches zero, Equation 
(6)  reduces to the form previously developed by Ma and 
Ho (1974). The numerical solution also approaches the 
solution of a simple unsteady state diffusion in a well- 
stirred fluid (Crank, 1957) for large 01 or small K .  This 
is due to the fact that for large (Y the process is controlled 
by macropore diffusion, and as K approaches zero, only 
one type of pore exists. Thus, for both cases, the problem 
reduces to that of a simple unsteady state diffusion equa- 
tion. 

In addition to the fact that the present model can be 
reduced to the forms developed by the previous investiga- 
tors, it should be noted that it can be expanded to the 
determination of mixture diffusion coefficients in a multi- 
component sorbate system (Lee, 1976). 

Some of the results calculated from Equations (6) and 
(7) are shown in Figures 3, 4, 5, and 6. It should be noted 
that in these figures the ratio of the sorbate concentration 
in the fluid phase at time r and that at time infinity is plot- 
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ted against dimensionless time instead of the conventional 
way of plotting M t / M ,  vs. square root of dimensionless 
time. It is felt that in a well-stirred system C ( t ) ,  the 
sorbate concentration in the fluid phase is a quantity which 
can be measured directly from experiments. Thus, these 
results can be conveniently applied to the evaluation of 
the diffusion coefficient. 

Figures 3 and 4 show C (t)  /Co as a function of dimen- 
sionless time with a as a parameter at a constant value of K 
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Fig. 4. Effect of equilibrium constant K on dimensionless concentra- 

tion. 

and with K as a parameter at a constant value of a, re- 
spectively. For large values of (Y or small values of K ,  the 
shape of the curve approaches that of a simple unsteady 
state diffusion as discussed previously (Ma and Ho, 1974; 
Ruckenstein et al. 1971). For K = 3 x lo5 as shown in 
Figure 3, (Y = 1.602 x 10+ and (Y = 1.602 are approxi- 
mately the limiting values for micropore and macropore 
controlled diffusion, respectively. Figure 5 shows the effect 
of crystal size on C ( t )  /Co. It can be seen that when crys- 
tal size is decreased, the process becomes macropore con- 
trolled owing to large values of the time constant Di/Ri2. 
Such effects have been borne out by experiments carried 
out by Garg and Ruthven (1974, 1975). Figure 6 shows 
the effect of macroporosity ( ea) upon C ( t )  /C". Again, at 
low porosity, the process is controlled by macropore difFu- 
sion. 

Determination of Micropore Diffusion Coefficient 

The mathematical model was employed to calculate the 
intracrystalline diffusion of Cd-hydrocarbons in CaX (Na) 
spheres. Experimental data were fitted with theoretical 
curves by the least-squares scheme. It  should be noted 
that only Di was varied in fitting the experimental data 
with theoretical curves. All other parameters employed in 
the calculations were determined independently, and their 
values are tabulated in Table 1. A typical comparison be- 
tween theoretical results and experimental data is shown in 
Figure 7 which shows extremely good agreement between 
theoretical and experimental values. This seems to confirm 
the validity of the model. The calculated intracrystalline 
diffusion coefficients are tabulated in Table 1 for three 
temperatures. 

The macropore diffusion coefficient was estimated by the 
following expression: 

A tortuosity factor of 4.5 reported by Ma and Ho (1974) 
on a similar material was used in the calculation. The 
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equilibrium constant K was determined from equilibrium 
adsorption measurements. The Arrhenius plot of the micro- 
pore diffusion coefficient as a function of temperature is 
shown in Figure 8. The activation energy calculated from 
the Arrhenius plot is listed in Table 1. The relatively low 
activation energy is, in part, due to the large opening of 
the zeolite X. 
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The micropore diffusion coefficient is in the range of 
to 10-15 cm2/s, which is somewhat lower than that 

previously reported by Ma and Ho (1974) and higher than 
that reported by Riekert (1971) on similar systems. The 
magnitude of the micropore diffusion coefficient is in the 
following order for the three gases: iso-butane > n-butane 
> 1-butene. As the pore openings are relatively larger than 
the molecular size of all three diffysing gases, it seems 
reasonable to compare their overall sizes. An estimate of 
the effective sizes of these three molecules by the bond 
length, bond angle, relative orientation of the atoms, and 
carbon-carbon bond rotation (Stevenson and Merril, 1975) 
indicates that isobutane is somewhat smaller than n-butane 
and 1-butene and thus can ddfuse faster than the other 
two gases. In addtion, the interaction between the cation 
and the d-ffusing molecules will be greater for 1-butene 
owing to the presence of the double bond (T bond). Strong 
interaction between the cation and the diffusing molecules 
wouid slow down the molecular movement and thus give 
low diffusion coefficient. 

The significance of using such a bipore distribution 
model may be demonstrated by a simple calculation. One 
may wish to neglect the diffusion in macropores and use 
the solution of the simple unsteady state diffusion equation 
to calculate the intracrystalline diffusion coefficient. By 
using the present data, the intracrystalline diffusion coeffi- 
cient calculated in this manner is approximately 
cmZ/s, which is about two orders of magnitude smaller 
than the true value. 
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NOTATION 

C 
D 
DK 
E 
K = equilibrium constant 
N 
R = radius, cm 
r = radial distance, cm 
t = time,s 
T = temperature, O K  

V 
C 

y CO 

Greek Letters 

= concentration of sorbate, m moles cm-9 
= diffusion coefficient, cm2 s-1 
= Knudsen ddfusion coefficient, cm2 s-l 
= activation energy, Kcal mole-’ 

= number of adsorbent particles 

= volume of reactor, cm3 

= -q - = transformed variable 

r =  

9 =  

0 =  

a =  

$ =  
c =  

Dat/Ra2 = dimensionless time 

-L = dimensionless radial distance 
R 
c ( t )  - = concentration ratio 
CO 

Subscripts 

i = micropore 
a = macropore 
g = sorbent to reactor volume ratio 

Superscripts 

0 = initialvalue 
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